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Paradox of the 
plankton

• Competitive exclusion :
if two species compete for the 
same resource, one of them 
will be driven to extinction 

• How can many species thrive 
in environments with limited 
resources ?

→Can we model it ?

→When is it stable ?



Consumer-resource modelling

• 𝑱𝒊ɑ
𝒊𝒏 ∶ 𝑒𝑛𝑒𝑟𝑔𝑦 𝑖𝑛𝑡𝑎𝑘𝑒

• 𝑪𝒊ɑ :𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑢𝑝𝑡𝑎𝑘𝑒 𝑜𝑓 𝑟𝑒𝑠𝑜𝑢𝑟𝑐𝑒

• 𝑹ɑ ∶ 𝑟𝑒𝑠𝑜𝑢𝑟𝑐𝑒 𝑐𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛

• 𝑲𝒊ɑ ∶ 𝑎𝑓𝑓𝑖𝑛𝑖𝑡𝑦 𝑓𝑜𝑟 𝑟𝑒𝑠𝑜𝑢𝑟𝑐𝑒

• 𝑵𝒊 ∶ 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑝𝑒𝑐𝑖𝑒𝑠 𝑖

• 𝒈𝒊 ∶ 𝑐𝑜𝑛𝑣𝑒𝑟𝑠𝑖𝑜𝑛 𝑓𝑎𝑐𝑡𝑜𝑟
(𝑒𝑛𝑒𝑟𝑔𝑦 𝑢𝑝𝑡𝑎𝑘𝑒 𝑡𝑜 𝑔𝑟𝑜𝑤𝑡ℎ 𝑟𝑎𝑡𝑒)

• 𝒘ɑ ∶ 𝑒𝑛𝑒𝑟𝑔𝑦 𝑐𝑜𝑛𝑡𝑒𝑛𝑡 𝑜𝑓 ɑ

• 𝒍ɑ ∶ 𝑙𝑒𝑎𝑘𝑎𝑔𝑒 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛

• 𝒎𝒊 ∶ 𝑚𝑖𝑛𝑖𝑚𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦 𝑢𝑝𝑡𝑎𝑘𝑒
𝑓𝑜𝑟 𝑚𝑎𝑖𝑛𝑡𝑒𝑛𝑎𝑛𝑐𝑒

• 𝒅 ∶ 𝑑𝑖𝑙𝑢𝑡𝑖𝑜𝑛 𝑟𝑎𝑡𝑒

• 𝑫𝒊ɑ𝜷 ∶ 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑏𝑦𝑝𝑟𝑜𝑑𝑢𝑐𝑡

Energy intake →

Population variation →

Resource variation →



Consumer-resource modelling but simpler

• 𝑱𝒊ɑ
𝒊𝒏 ∶ 𝑒𝑛𝑒𝑟𝑔𝑦 𝑖𝑛𝑡𝑎𝑘𝑒

• 𝑪𝒊ɑ :𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑢𝑝𝑡𝑎𝑘𝑒 𝑜𝑓 𝑟𝑒𝑠𝑜𝑢𝑟𝑐𝑒

• 𝑹ɑ ∶ 𝑟𝑒𝑠𝑜𝑢𝑟𝑐𝑒 𝑐𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛

• 𝑲𝒊ɑ ∶ 𝑎𝑓𝑓𝑖𝑛𝑖𝑡𝑦 𝑓𝑜𝑟 𝑟𝑒𝑠𝑜𝑢𝑟𝑐𝑒

• 𝑵𝒊 ∶ 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑝𝑒𝑐𝑖𝑒𝑠 𝑖

• 𝒈𝒊 ∶ 𝑐𝑜𝑛𝑣𝑒𝑟𝑠𝑖𝑜𝑛 𝑓𝑎𝑐𝑡𝑜𝑟
(𝑒𝑛𝑒𝑟𝑔𝑦 𝑢𝑝𝑡𝑎𝑘𝑒 𝑡𝑜 𝑔𝑟𝑜𝑤𝑡ℎ 𝑟𝑎𝑡𝑒)

• 𝒘ɑ ∶ 𝑒𝑛𝑒𝑟𝑔𝑦 𝑐𝑜𝑛𝑡𝑒𝑛𝑡 𝑜𝑓 ɑ

• 𝒍ɑ ∶ 𝑙𝑒𝑎𝑘𝑎𝑔𝑒 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛

• 𝒎𝒊 ∶ 𝑚𝑖𝑛𝑖𝑚𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦 𝑢𝑝𝑡𝑎𝑘𝑒
𝑓𝑜𝑟 𝑚𝑎𝑖𝑛𝑡𝑒𝑛𝑎𝑛𝑐𝑒

• 𝒅 ∶ 𝑑𝑖𝑙𝑢𝑡𝑖𝑜𝑛 𝑟𝑎𝑡𝑒

• 𝑫𝒊ɑ𝜷 ∶ 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑏𝑦𝑝𝑟𝑜𝑑𝑢𝑐𝑡

Energy intake →

Population variation →

Resource variation →



Full model

Population and resources
(can’t go below 0)

Resource uptake 
for every species and resource 

Population variation 
for every species

Resource variation 
for every resource

Time span of the simulation
SciPy function for 
solving differential 
equations



First approach – shots in the dark
Random parameters



First approach – shots in the dark
Random parameters



First approach – shots in the dark
Random parameters



2nd approach : brute force

g[x]*growth_intake[x] = g[y]*growth_intake[y]

Equilibrium !

Randomization and statistical tests



2nd approach : brute force
Randomization and statistical tests

Simulations x1000

Cohabitation Domination



2nd approach : brute force
Randomization and statistical tests

g*growth_intake Cohabitation Domination

Alive vs Alive
Or

Dead vs Dead
Insignificant pvalue Insignificant pvalue

Alive vs Dead Significant pvalue Significant pvalue



2nd approach : brute force

d = 0.1

g[x]*growth_intake[x] = g[y]*growth_intake[y] = d

DN/dt = 0 = Equilibrium !

Randomization and statistical tests



2nd approach : brute force

TOO LONG 
AND 

NOT EFFECTIVE



R1

R2

N1 N2

3rd approach : the answers are in the numbers

d d ✟✟

𝐷 ∶ 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑏𝑦𝑝𝑟𝑜𝑑𝑢𝑐𝑡
𝑙 ∶ 𝑙𝑒𝑎𝑘𝑎𝑔𝑒

𝑑 = 𝑑𝑖𝑙𝑢𝑡𝑖𝑜𝑛 (𝑑𝑒𝑐𝑎𝑦)

𝑪𝒊𝟏 = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑢𝑝𝑡𝑎𝑘𝑒 𝑜𝑓 𝑟𝑒𝑠𝑜𝑢𝑟𝑐𝑒 1

𝑪𝒊𝟐 = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑢𝑝𝑡𝑎𝑘𝑒 𝑜𝑓 𝑟𝑒𝑠𝑜𝑢𝑟𝑐𝑒 2



𝑅1
∗ =

𝑑𝐾

1− 𝑙 − 𝑑

𝑅2
∗ =

𝐾(𝑑 − 𝐽21)

𝐽21− 𝑑

𝑁1
∗ =

𝑑 𝑅1
0−𝑅1

∗ −𝑁2
∗𝐽21
∗

𝑙 ∗ 𝐽21
∗ 𝐽22

∗

𝑁2
∗ =

𝑑 𝑙 (𝑅1
0−𝑅1

∗ −𝑅2
∗

𝐽11
∗

At equilibrium :

3rd approach : the answers 
are in the numbers

(Thank you Snorre !!!)

Simulation of the previous slide

Equilibrium !



Does the math match the simulations ?
Normalized difference between the theory and the simulations final resources, when varying d and l :

𝑑 ∶ 𝑑𝑖𝑙𝑢𝑡𝑖𝑜𝑛 𝑟𝑎𝑡𝑒 (𝑑𝑒𝑐𝑎𝑦)
𝑙 ∶ 𝑙𝑒𝑎𝑘𝑎𝑔𝑒



Does the math match the simulations ? part 2

𝑐 ∶ 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑢𝑝𝑡𝑎𝑘𝑒 𝑜𝑓 𝑟𝑒𝑠𝑜𝑢𝑟𝑐𝑒
𝑙 ∶ 𝑙𝑒𝑎𝑘𝑎𝑔𝑒

Normalized difference between the theory and the simulations final resources, when varying c 21 and l :



Influence of d and l on population stability

𝑑 ∶ 𝑑𝑖𝑙𝑢𝑡𝑖𝑜𝑛 𝑟𝑎𝑡𝑒 (𝑑𝑒𝑐𝑎𝑦)
𝑙 ∶ 𝑙𝑒𝑎𝑘𝑎𝑔𝑒

Population outcome by varying d and l



Influence of c21 and l on population stability

𝑐21 ∶ 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑢𝑝𝑡𝑎𝑘𝑒 𝑜𝑓
𝑟𝑒𝑠𝑜𝑢𝑟𝑐𝑒 1 𝑏𝑦 𝑠𝑝𝑒𝑐𝑖𝑒𝑠 2

𝑙 ∶ 𝑙𝑒𝑎𝑘𝑎𝑔𝑒

Population outcome by varying c21 and l



Future investigations

• Control the simulation code
• “Double crossfeeding” : 

species 2 leaks a 3rd resource 
that can be used by species 1
• Requires a lot of math !! 

• Different energy contents for Ra

R1

R2

R3

N1
N2



Feedback on the course

• Lots of maths !!! 
• Coding as a group is challenging but interesting
• “Learn by doing” : overwhelming but rewarding 
• We did a lot of work that was not useful in the end, but it made us 

progress every time
• We liked the freedom that we had for the project



Thank you for listening !
And thank you Snorre <3
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